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EQUIVALENCE OF NORMS ON OPERATOR SPACE TENSOR
PRODUCTS OF C*-ALGEBRAS

AJAY KUMAR AND ALLAN M. SINCLAIR

ABSTRACT. The Haagerup norm || - ||;, on the tensor product A ® B of two
C*-algebras A and B is shown to be Banach space equivalent to either the
Banach space projective norm || - ||y or the operator space projective norm

| - ||a if and only if either A or B is finite dimensional or A and B are infinite
dimensional and subhomogeneous. The Banach space projective norm and the
operator space projective norm are equivalent on A ® B if and only if A or B
is subhomogeneous.

1. INTRODUCTION

Recently D.P. Blecher and V.I. Paulsen [4], [2], [3] and E.G. Effros and Z-J.
Ruan [10], [9], [8] have independently developed the theory of operator spaces with
analogous constructions to those of Banach spaces; for example, quotients, duals
and tensor products are defined and studied. The Haagerup || - ||, operator space
projective || - ||» and Banach space projective || - ||, (tensor) norms on the tensor
product A ® B of two C*-algebras A and B satisfy

-l < -l < A Ml

For commutative C*-algebras A and B one version of the commutative Grothen-
dieck inequality [22], [6] is that ||-||, < K]||-||», where K is Grothendieck’s constant.
This raises the question: for which pairs of C*-algebras A and B are these tensor
norms equivalent? Itoh ([14], Theorem 4) claims that the Haagerup norm || || and
Banach space projective norm || - ||, are equivalent on the algebraic tensor product
A ® B of two C*-algebras A and B if and only if A or B is subhomogeneous.
This result is false as can be seen by considering these two norms on ¢ @ B(H),
or £ @ K(H), where H is an infinite dimensional Hilbert space, and B(H) and
K(H) denote the bounded linear operators on H and the compact linear operators
on H.

The correct version (Theorem 6.1) of this result is: the Haagerup norm and
Banach space projective norm are equivalent on the algebraic tensor product A® B
of two C*-algebras A and B if, and only if, either A or B is finite dimensional, or
A and B are infinite dimensional and subhomogeneous. The same conclusion holds
if the Banach space projective norm is replaced by the operator space projective
norm above (Theorem 7.4). The latter result is based on the equivalence of the
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Banach space projective norm and operator space projective norm (Theorem 7.2),
which hold if and only if A or B is subhomogeneous. Thus both hypotheses in Itoh
have a role here.

Our methods involve the commutative and non-commutative Grothendieck in-
equalities, lifting maps to second duals and to tensor products of second duals (see
sections 4 and 5) and elementary calculations involving ¢5° and M,,. Section 2 con-
tains the notation and definitions used in the paper, and section 3 has the matrix
calculations and a helpful observation concerning an isometric involution on the
operator space projective tensor product A ® B of two C*-algebras A and B. The
well known self-duality and injectivity of the Haagerup tensor product [4], [9], [3] is
presented in a slightly modified form in Theorem 4.1. This forms a crucial basis of
sections 6 and 7, and is a motivation for proving the corresponding result (Theorem
5.1) for the Banach space projective tensor. We have not been able to prove an
equivalent result for the operator space projective tensor norm due to not knowing if
the natural embedding of A** ® B** into (A ® B)** is isometric (or has continuous
inverse). R.J. Archbold and C.J.K. Batty [1] defined property (C') for a C*-algebra
A to be the condition that A** ®uin B** canonically embed in (A Q@min B)**. This is
clearly related to our results for ®;, and ®,, and what is needed for ®. The equiv-
alence of the Haagerup norm and the Banach space projective norm is handled in
section 6 with the two equivalences involving the operator space projective norm
covered in section 7.

We wish to thank Christian le Merdy for discussions concerning the operator
space projective norm and Roger Smith for drawing [1] to our attention.

2. NOTATION AND DEFINITIONS

An operator space X is a (norm closed) subspace of B(H) together with the
natural norms on M, (X) inherited from M,,(B(H)) = B(H™), where H is a Hilbert
space and H" is the n-fold Hilbert space direct sum of H with itself. An operator
¢ : X — Y, between operator spaces X and Y is completely bounded if and only
if ||@||co = sup{||@n|| : n € N} is finite, where ¢y, : M, (X) — M,,(Y) is defined by
&n (i) = (¢x45). Let CB(X,Y) denote the space of completely bounded operators
from X into Y [19].

Throughout let A and B denote C*-algebras. The Haagerup tensor norm ||u||p,
of an element u in the algebraic tensor product A ® B is defined by

lullp = inf{]] Y ajafl 2| D bibsl12 cu=Y a; @b; € A B},

and the Haagerup tensor product A ®j B is the completion of A ® B in this norm.
If p and g are positive integers, and V' = (v;;) € Mp(A4) and W = (w;;) € My(B)
define the tensor product V ® W to be the pg x pg matrix

VoW = (v ®wke) in Mpe(A® B)

using (M, ® A) ® (M, ® B) = M,,; ® A® B. Each element v in A® B can be written
u=a(VeW)p for some a € My pq, V € M,(A), W € My(B) and § € M, 1 where
M, ¢ is the space of complex k x ¢ matrices over C. The operator space projective
(tensor) norm ||ul|5 is defined on the algebraic tensor A ® B by

[lu]|n = mt{]|ca]|]- [[VI]- IW]] - 118]] : w = «(V & W) is a decomposition as above},
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and the operator space projective tensor product A® B is the completion of A® B
in this norm [4], [10]. Recall that the Banach space projective (tensor) norm || - ||
is defined on the algebraic tensor product X ® Y of two Banach spaces X and Y
by

llully = f Y [fagl] sl cu=) 250y € X0 Y},
and that X ®, Y is the completion of X ® Y under this tensor product. It is well
known that || - [|n <[] - ||n <[] - ||y on the tensor product of two C*-algebras.

Recall that a C*-algebra A is subhomogeneous if there is a positive integer n such
that each irreducible representation of A has dimension no greater than n. Further
that A is subhomogeneous with all its irreducible representations of dimension no
greater than n if and only if its enveloping von Neumann algebra A** is finite type
I with all its central direct summands of type no greater than I,,.

A basic technique used in this paper is to pass from inequalities involving tensor
norms on von Neumann algebras to the tensor norms of finite dimensional subal-
gebras. The injectivity of the Haagerup tensor product [20] implies that the two
norms are equal in that case. If Ag and By are finite dimensional C*-algebras of A
and B, respectively, then there are completely positive conditional expectations P;
and P, from A and B onto Ay and By, respectively, and || Py||co = || P2]ler = 1 [26].
Hence P; ® P, is a projection from A ® B onto Ag ® By such that ||P, @ Pa|| =1
when both tensor products are given either the Banach space || - ||, or operator
space || - ||n projective norms. This implies that the natural isomorphism from
Ap ® By into A ® B is an isometry in both these norms.

3. BASIC LEMMAS

This section contains the lemmas dealing with the crucial matrix calculations
involving || - ||n, || - ||» and || - ||y. Denote the standard matrix units in M, by e;;
for 1 <4,j < n and identify the n-dimensional L*°-space ¢2° with the diagonal of
M, so that it has standard basis {e;j; : 1 < j < n}.

Lemma 3.1. If n € N, then
(i)
||Z€1j ®6jj||h = n% and ||Z€j1 ®6jj||h =1
1 1
in M,, ®p, é?f,
(i)
n N n
1D eis@enlln=n? and [| Y ej; @ eyjl[n =1
1 1
in £2° ®@p M, and
(iii)
1Y ey @enlln=n
in M,, ®, M,,.

Proof. (i) It is sufficient to prove the first pair of equalities in M,, ®j, £5° because
the second pair follow directly using the conjugate linear isometry 6 from M,, ®p €5°
onto £5° @y, M, defined by 0(z ® y) = y* @ z* [17].
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n
Let u =) e1; ® e;;. By definition of the Haagerup norm,
1

n n
ulli < 11D ezenll- 11 esiessll =n.
1 1

A standard Cauchy-Schwarz argument that occurs in Haagerup’s unpublished paper
on this tensor product implies that the map
m: M, ®, M, - B(M,,)

defined by 7(z ® y)(a) = zay is norm reducing; it is actually a complete isometry

into CB(M,,) (see [25], [1
Hence [[ul[n > [|m(u)(I

first equality.

(ii) The second equality follows from

=11 ejuesll
= Ir>_en @ej)(T)
<D e @eglln
* 1 1
<UD enenll? 11> ejesllr = 1.
1

(iii) The third inequality follows from

n n n
1Y ey @enlli < 1D eyenll 11 eyenll = n?
1 1 1

= |2 ewjejill = 11224 eljei1||% = n? so proving the

and

||Zelj®eal||h>||ﬂ' Zely@eﬂ I =n.
O

Lemma 3.2. Let A, B, C, D be C*-algebras.

(i) If 0 is a x-anti-homomorphism from A into C and ¢ is a *-anti-homomorphism
from B into D, then 0 ® ¢ is a *-anti-homomorphism from A® B into C&D with
6@ || = 1.

(i) If the involution * is defined on A® B by (a ® b)* = a* ® b*, then * lifts to an
isometric involution on A® B.

Proof. (i) Once ||6 ® ¢|| < 1 has been proved the other properties follow directly;
note the norm equals 1 except when 6 or ¢ is zero. Let u = a (V@ W) B bein A® B
with o € My g, V € My(A), W € M,(B), 8 € Myq,1 and [[al|. [IV]|. [W]].]|5]] <
1.

If T' denotes the transpose, then

O@0)(u) = a;s0(vij) @ d(wst) B
=2 Bit(T @ 1)0,(V)ji @ (T @ I)pn(W)escuis
=(TB). (T, (V) (T ®I)d,(W)(Ta).
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Here (T'®1)0, and (I'®1)¢, are x-anti-homomorphisms from M, (A) into M, (C)
and M, (B) into M, (D), respectively, so have norm 1. Thus
T[T @ DOV T @ Deg W - || Tl
= IBI[- VI WAL ffed]
<1,
and T8, (T®I)0,V, (T®I)p,W, Ta are in the correct matrix spaces. This proves
that ||0 @ ¢(u)|| < 1if |Ju||n < 1, and so ||¢p @ ¢||x» < 1 as required. The reverse
inequality is achieved on elementary tensors.
(ii) If wis in A® B with u =a(V® W) as in (i), then
as may be checked by writing out both expressions in full. Thus ||u*||, < 1 if
[lul]a < 1 so proving (ii).

Note that the same technique but including the “canonical” shuffle exploited by
Paulsen [19] may be used to prove the well known commutativity of ® [4], [9].

Lemma 3.3. If n € N, then in M,, ® M,
() I e ®eplla =12 erj ® ejlln = nt,
(ii) |2 - e @ejlla =112 ejn @ eijlla =n, and
(ili) || > ej1 @ ejlly =n.

Proof. By Lemma 3.2 it is sufficient to prove that one of the norms equals nz orn
in each case.

(i) Let a be the 1 x n? matrix consisting of a n-string of one followed by (n — 1)
ZEros SO

a=(10...010..01...0)

and let 3 be the n? x 1 matrix with a one in the (1,1) position and all the other
entries zero. Let V be the n x n matrix in M, (M,,) with first row

€11, €21, .-y Enl
and all other entries zero. Note that ||a|| = nZz, ||V|| = 1 and ||8|| = 1, which are
calculated using ||z||? = ||zz*|| = ||z*z||. Since

Z€j1®€j1 ZOéV®V6,

1
1Y e ®@ejlla <ni.

The projective operator space norm || - || is greater than the spatial tensor product
norm || - ||« of the two C*-algebras [4]. Hence
1> en@enllh > 11D (e1; ® e1;)(erm @ ex)|ls
Ji.k

=n|le11 ® e11]«

=N

using ||z*z|| = ||z||?. This proves (i).
(i) The inequality || - [|» > || - ||» and Lemma 3.1 imply that

1Y e @enlln =11 ey @eplln =n,

and the reverse inequality is trivial.
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(ili) Since the map T'® I is an isometry on M,, ®, M,

n> |1y en®enll,

>[I e1; @ ejulla
=n. O

Observe that the above results are essentially in [9] in dual form: they show that
CB(C,,C,) =M, and CB(R,,, C,) is the n x n Hilbert-Schmidt matrices, where
C, and R, are n dimensional column and row space respectively.

4. EMBEDDING HAAGERUP TENSOR PRODUCTS INTO SECOND DUALS

The theorem in this section summarises and modifies a result of Blecher and
Paulsen [4] and Effros and Ruan [9] in a suitable way for subsequent use here.
The similarity between the Haagerup tensor product results here and those for the
projective tensor product in the next section will also be clearer.

Let i4 and i denote the embeddings of A and B into A** and B**, respectively.
If ¢ is in (A ®p B)*, then there are cyclic representations 7 and 6 of A and B
on Hilbert spaces H and K with unit cyclic vectors £ and 7, respectively, and a
continuous linear operator 7" from K to H such that

¢d(a,b) = (m(a)TH(b)n, &) (a€ A, be B)
and [|T|| = |[¢|[[7].

Cyclic representations of A and B lift directly to cyclic representations of the en-
veloping von Neumann algebras A** and B**, respectively. This provides a natural
lifting of ¢ to a continuous linear form ¢ on A** @), B** with ||¢|| = ||¢|| and ¢ equal
to ¢ on A ®p B. Observe that the operator ~ from (A ®; B)* into (A** ®) B**)*
defined above is well defined and a linear isometry. The reason is that for fixed a
in A and two representations of the same ¢ the functionals

b = (i (a)T50;(0" )n;, &) (1=1,2)

are equal on B and ultraweakly continuous on B** so are equal on B** by the
Kaplansky Density Theorem. Now holding ** in B** fixed and varying a** in A**
shows, in the same way, that the map ¢ — (;3 is well defined. The linearity follows
directly from this and direct sum techniques in a standard way. Now define ( from

A** @5, B** into (A ®;, B)** by

C(a™ @ b™)(¢) = dla™ @ b™)

for all ¢ in (A ®p, B)*. Then ( is a norm reducing operator from A** ®;, B** into
(A®p, B)**. Tt is known that ( is an isometry [11, Theorem 3.2]; we show that this
may be deduced from the well known isometry from B(H)®p B(H) into CB(K (H)).

Theorem 4.1. Let A and B be C*-algebras. The embedding v = isQip of AQ, B
into A** ®p, B** is an isometry and the embedding ¢ of A** @, B** into (A®j B)**
is an isometry. Further (v is the natural embedding iag, B of A ®n B in its second
dual (A ®p, B)**.

Proof. The injectivity of the Haagerup tensor product ensures that the embedding
v of A®p B into A*™ ®;, B** is an isometry [20]. That the map ( is an isometry
of A** ®;, B** into (A ®;, B)** follows from [11, Theorem 3.2] and the embedding
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of the Haagerup tensor product A** ®j; B** in the tensor A** ?é? B** of that
paper. Alternatively this may be proved directly in this case from the representation
of B(H) ®;, B(H) in CB(K(H)), where K(H) denotes the algebra of compact
operators on H [25, Theorem 4.3]. Let A and B act as C*-algebras in their universal
representations on Hilbert spaces H4 and Hpg so that A** and B** are isomorphic
to the weak-closures of A and B in these representations. By the injectivity of the
Haagerup tensor and the two Hilbert space versions of [25, Theorem 4.3], which can
easily be deduced from that result, the map 6 from A**®;, B** into CB(K (Hp, H4))
defined by §(a** @ b**)(T') = a™*Tb** is an isometry. Thus if u =)",a;* ®b;* is in
A** ®p, B** with ||u||, > 1, there is an integer n and a compact operator S = (s;;)
from (H4)™ to (Hp)™ with ||S]| = 1 such that

1O ap*sibs)|| > 1.
¢
There are then unit vectors (§;) in (Hp)™ and (1;) in (H4)™ such that
303", i st gm)| > 1.
7 :
If
Pa” @) =), (0" syb e m),

then ¢ is in (A™ @), B**)* also ||¢]| <1 in (A ®, B)*, and |¢(u)| > 1. This proves
that ||¢(uw)|| > 1 and so shows that ¢ is an isometry.

Let a ® b be in A ®p, B and let ¢ be in (A ®p B)*. Then from the definitions of
¢ and v

(v(a®b)(¢) = d(a®b) =iag,s(a®b)(9)

as required. O

5. EMBEDDING BANACH PROJECTIVE TENSOR PRODUCTS OF C*-ALGEBRAS
INTO SECOND DUALS

Let A and B be C*-algebras. There is a natural mapping v from A ®, B into
A**®, B** that is the tensor product i 4 ®ip of the natural embedding 74 of A in A™*
and ip of B in B**. The natural embedding of A**®, B** into (A®~ B)** requires a
little more explanation. U. Haagerup proved that each continuous bounded bilinear
form ¢ on a pair of C*-algebras A and B can be extended to a jointly ultrastrong-*
continuous bilinear form ¢ from A** x B** into C with ||¢|| = ||¢|| [12, Cor. 2.4].
The extension is achieved by using [15, Lemma 2.1] (see also [23, Lemmas 3.3.2 and
3.3.3]) which ensures that map y¢ = QNS is linear and an isometry. The dual of the
operator

X : Bil(A x B,C) = (A®, B)* — Bil(A** x B*,C) 2 (A™ ®, B**)*

maps (A** ®, B**)** into (A ®, B)**. Let pr = x*i be the natural norm reducing
operator from A** @, B** into (A ®, B)**, where i is the natural embedding of
A** ®’y B** intO (A** ®’y B**)**
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Theorem 5.1. Let A and B be C*-algebras. The embedding v =ia®ip of AR, B
into A** @y B** is an isometry and the embedding . of A** @~ B** into (A®., B)**
satisfies

[lull < 4]lp(u)]| < 4ffu]]

for all w in A** ®, B**. Further uv is the natural embedding iag.p of A®y B in
its second dual (A ®~ B)**.

The following is a consequence of the non-commutative Grothendieck-Pisier-
Haagerup inequality [12, Lemma Cor 2.4]; we do not know an explicit reference so
give a proof.

Lemma 5.2. Let A and B be C*-algebras. The natural embedding v =1i4 Qip of
A®y B into A™ ®, B* is an isometry.

Proof. The definition of the projective tensor norm ensures that ||v|| = 1. If w is
in A ®, B, there is a continuous bilinear form ¢ on A ® B with ||¢|| = 1 and
¢(u) = [[u]]. The extension ® of ¢ to A** x B** referred to above [12, Cor. 2.4] has
¢l =[] so that [|v(u)[| = [|ul| as required. O

The following lemma is equivalent to the theorem that there is an isometric em-
bedding of A ®, B into CB(B(H)) or CB(K(H)) and it will be deduced below
from this well known isometry. Actually this lemma occurs in U. Haagerup’s un-
published 1981 manuscript “The a-tensor product”, where it is used to prove the
isometry of the embedding of A ®;, B in CB(B(H)).

Lemma 5.3. Let A and B be C*-algebras acting on Hilbert spaces H and K,
respectively. The unit ball of CB,(A x B,C) is weak*-dense in the unit ball of
CB(A x B,C).

Proof. Suppose the result is not true. By the Hahn-Banach separation theorem
there is a ¢ in CB(A x B,C) with ||¢||s =1,a0 < a <1 and auin A®, B =
CB(A x B,C), such that ¢(u) = 1 and R(u) < « for all ¢ in CB,(A x B,C)
with ||1||es < 1. Hence [|ul|p > 1 and |¢(u)| < « for all ¢ in CB,(A x B,C) with
[|¥]|ep < 1. The 6 embedding from A®y, B into CB(B(H, K)) given by 0(a®b)(T') =
aTb is an isometry [25], [18]. Hence there is a positive integer n and a matrix
(tij) S Mn(B(H, K)) with ||(tl.7)|| =1 and
[10(w)n (tij)[] = [1(O(w)tis)]] >

Choose unit vectors £ in K™ and 7 in H™ such that
[((O(u)ti; )€, m)] > .
Define ¢ in CB,(A x B,C) by
Pa®@b) =P(a,b) = ((0(a @ b)ti;)E,m)

so that ¢ (u)| > a.
Then [|¢]|es < [[€]] - ||(ti5)]]IIn]] = 1 because ¥(a, b) can be written

P(a,b) = ((a @ I)(ti;)(b @ I)S,n).
The contradictory inequalities
[¥(w)] > a and [¢(u)] < a
imply the result. O
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The non-commutative Grothendieck inequality [12], [21], [22] states that if ¢ is
a continuous bilinear form on A x B, where A and B are C*-algebras, then there
are states f1, fo and g1, g2 on A and B, respectively, such that

[$(a,b)] < [19]|(f1(a") + folez™)) (g1(y"y) + g2(yy™)) ?

for all z € A and y € B. We now briefly review the construction of the four
bilinear forms @1, ..., ¢4 that are continuous in the Haagerup tensor norm, ..., doubly
reversed Haagerup tensor norm ([16, Remark 5.3]). Let (61, H1,m1) and (62, H2,12)
be the cyclic representation and cyclic anti-representation derived from f; and f
by the Gelfand-Naimark-Segal construction on Hilbert spaces H; and Hs with unit
cyclic vectors m; and 19 respectively. Let (¢1, K1,&1) and (¢9, Ko, &) be the cyclic
representation and the cyclic anti-representation derived from g; and g2. The non-
commutative Grothendieck inequality in this notation says that

6@z, y)| < [l 1[(61 @ 02)(2)(m & n2)|[ (1 @ 12)(y) (&1 & &)

for all x in A and y in B. The usual bilinear or sesquilinear form construction
implies that there is a continuous linear operator T from K; @ K5 into Hy ® Hy
with ||T|] < ||¢|| such that

d(z,y) = (01 ® 02)(2)T (V1 ® ¥2)(y) (&1 @ &2), (M D 12))

for all z in A and y in B. Writing T as a 2 by 2 matrix of operators (73;) arising
from the direct sums H; @ Ho and K7 @ K5 leads to four continuous bilinear forms
@1, ..., P4 on A x B defined by

¢1(z,y) (01(2)T11ba (y)€1,m),
d2(w,y) = (0r(x)Ti2vp2(y)é2,m),
¢3(x,y) = (02(2)T2191(y)é1,m2) and
ba(z,y) = (02(2)T2292(y)S2,m2)-

The representation theorem for a continuous bilinear form on the Haagerup tensor
product implies that

¢1 is continuous on A ®p, B
¢o is continuous on A ®; BP,
¢3 is continuous on A°? ®; B and
¢4 is continuous on A°? ®; B
all with ||¢;|[n < ||¢||, where A°P is the reversed algebra. By the definition

¢ = o1+ ¢2 + ¢3 + Pa.

Proof of Theorem. That v is an isometry was proved in Lemma 5.2 and that p
is norm reducing was proved in the initial discussion. To prove the inequality
[lul] < 4f|p(w)|| for v in A** @, B** let u be in A** ® B** with ||u||, = 1. By the
Hahn-Banach Theorem there is a continuous bilinear form ¢ on A** x B** such
that ||¢|| =1 and ¢(u) = 1. By the above discussion write

b=¢1+ P2+ P34+ P
where ¢; are bilinear forms of norm no greater than one on A** ®) B*, A™ ®y
B**oP - A**°P @ B** A**°P @) B**°P for j = 1,...,4. Note that A**°P = A°P** Let
e > 0. If each of the von Neumann algebras A** A**°P B** B**°P ig taken in
the universal representation of A, A°?, B, B°P, then the bilinear forms ¢; may be
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weak*-approximated on the element u by normal bilinear forms ®; with ||®;|] <1
such that

|5 (u) — @ (u)| <e.

Because the bilinear forms ®; are normal they arise on their respective domains as
lifts of bilinear forms on A x B. Hence the definition of x at the start of this section
implies that for each j, ®; = x(1;) where 9; is the restriction of ®; to A x B in
A** x B** is continuous with norm no greater than one on A®, B, A®, B°P, APQy,
B, A°? ®y, B°P for j = 1,...,4, respectively. Let 1) = 1)1 + 13 + 13 + 104. Then ¥ is
a continuous bilinear form on A ®, B with |[¢|| < 4 because the projective norm
dominates the four Haagerup type norms used above. Further

p(uw) () = x"i(uw)(¥) = i(u)(x¥) = (x)(u) = @(u)

and

lu(u)(9) = 1] = [®(u) — 1] < 4e.
This implies that ||pu(u)|] > 1/4 as required.
Finally we prove uv = iag.,p. Using the definitions of p, v and x gives the
following equalities for all ¢ in (A ®, B)* = Bil(A x B,C), all a in A and all b in
B:

(w)(a @ b)(¢) = (x"iv)(a @ b)(¢) = (iv)(a @ b)(x¢) = (x¢)(v(a ® D))
= (x¢)(ia(a) @ ip(b)) = ¢(a ®b) = isg,B(a @ b)(P).
This completes the proof of the theorem. O

6. PROJECTIVE BANACH SPACE AND HAAGERUP NORMS

In this section we prove the correct version of Itoh’s result [14] on the equivalence
of the projective Banach space norm and the Haagerup norm on the tensor products
of C'*-algebras.

Theorem 6.1. If A and B are C*-algebras, then the following conditions are equiv-
alent:

(i) the Haagerup norm || - ||n is equivalent to the Banach space projective norm
11l

(i) either A or B is finite dimensional, or A and B are infinite dimensional and
subhomogeneous.

The case where A or B is finite dimensional is trivial as both the tensors are
then just Banach space isomorphic to a finite direct sum of the other algebra.
The following lemmas will provide the proof of the non-trivial parts of the above
theorem.

Lemma 6.2. Let A and B be infinite dimensional C*-algebras. If for some K >
0, ||ully < K|Jul|p for all u in the algebraic tensor product A ® B, then A and B

are subhomogeneous with all their irreducible representations having dimension no
greater than 16K2.

Proof. Suppose that the identity map j from A®y, B into A®, B is continuous and
satisfies ||j|| < K. Then the second dual map j** from (A ®; B)** into (A ®. B)**
also satisfies ||7**|| < K. This second dual map j** restricted to A** ®; B** is
essentially just the identity map J(a** ® b**) = o™ ® b** from A™ ®; B** to
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A™ ®, B** as we now show. With the notation of Theorems 4.1 and 5.1 we have to
show that J = p~15**¢ where ¢ : A* ®), B** — (A®), B)** and p: A** @, B* —
(A®, B)** are the operators defined there by the separate ultraweak continuity of
bilinear forms on C*-algebras [12, Cor. 2.4]. The separate ultraweak continuity of
J, 7**, p and ¢ and the equality pJ = 7°*¢ on A ® B ensures that uJ = j**( so
that J = p~15**¢. Hence

1] < M= IS < 4.

If the von Neumann algebra A** contains an isomorphic copy of M, (not neces-
sarily unitarily) for some positive integer n, then the other von Neumann algebra
B** contains a copy of £2° since both are infinite dimensional. By the injectivity
of the Haagerup norm M, ®p £2° embeds isometrically in A** ®; B** [20]. The
embedding of M, ®,, £5° into A** ®., B** is isometric, because there is a projection
P1 ® P, of A** @ B** onto M,, ®., £;° with ||Py ® P»|| = 1; here P, and P, are the
norm 1 completely positive conditional expectations from A** onto M,, and B**
onto £;°, respectively. With e;; the standard matrix units, by Lemma 3.1,

n n n
1
n? =13 ey @ejlln <D e @ejilly =11 e @ejilly
1 1 1

<AK[Y eji ®ejilla
1
= K.

The argument is symmetrical in A and B, so neither A** nor B** can contain a type
I, factor with n > 16K2. Thus A** and B** are finite type I von Neumann algebras
with all their central direct summands of type I; for j < 16K 2. This implies that all
the irreducible representations of A and B have dimension no greater than 16K 2,
which proves the lemma. O

Lemma 6.3. Let A and B be (infinite dimensional) subhomogeneous C*-algebras.
Then there is a constant K such that ||ul|y < Kl|u||p for allu € A® B.

Proof. Since A®, B embeds isometrically in A** @, B** (Theorem 4.1) and A®;, B
embeds in A** ®;, B** [9], [5], the problem reduces to the case of homogeneous
von Neumann algebrs because a subhomogeneous von Neumann algebra is a direct
sum of homogeneous ones. Assume that A = M, (A1) & M,, ®, 4; and B =
M,,(B1) & M,, ®. B;, where A; and B; are commutative C*-algebras and ®.
denotes the minimal C*-tensor product. Now A®j B is (M,, ®. A1) @y (M, ®, B1)
so is Banach space equivalent to a direct sum of nm copies of A; ®, B, and
A®y Bis (M, ® A1) ®y (M, ®. B1) so is Banach space equivalent to a direct
sum of nm copies of A; ® Bi. Grothendieck’s Theorem implies that A; ®j By and
Ay ®4 By are isomorphic up to Grothendieck’s constant (see [21],[22]). Following
these isomorphisms through shows that § from A ®; B to A ®, B is continuous.
Taking K = ||0||, we have the required result. |

7. OPERATOR SPACE PROJECTIVE NORM

This section deals with the equivalence of the operator space projective norm
with either the Haagerup norm or the Banach space projective norm.
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Lemma 7.1. Let A and B be C*-algebras with A commutative. Then A® B and
A®y B are isomorphic with

llalln < llully < 2%/ jul|A
for all u in A® B.

Proof. The left hand inequality is well known and follows from ||a®b||, = ||al] . |||
in A® B [4], [9] so we prove the right hand inequality. Let u be in A ® B with
[lul|» = 1. By the Hahn-Banach Theorem and the representation of the dual of
A ®, B as the space of continuous bilinear forms on A x B, choose a continuous
bilinear form F on A x B with ||F|| = ||F||y = 1 and F(u) = [|u||,. The non-
commutative Grothendieck inequality of Pisier and Haagerup [21], [22], [12] may
be written in a representational form similar to the representation of a multilinear
completely bounded operator ([16, p. 184, Remark 3.5(a) and (b)]) as follows (see
also section 5). Corresponding to the continuous bilinear form F there are cyclic
representations ¢; and ¢o (and anti-representations ¢ and 1) on Hilbert spaces
Hy and Hs (and K; and K») with unit cyclic vectors & and & (and 77 and 72) and
a continuous linear operator T' from Hy @K, into Hy; @ K, with ||T|| < ||F||y =1
such that

F(a,b) = (01 ® ¥1)(a)T (02 @ 2)(b) (&2 @ m2), (§1 © 1))

for all @ in A and b in B.

Note that the notation has been changed slightly from ([16, p. 185]) to fit in
with current completely bounded notation. The commutativity of A ensures that
m = 01 & 11 is a representation of A. Let

Fi(a,b) = (m(a)T(02(b) © 0)(&2 ®0), (£2 & m))

and

Fy(a,b) = (m(a)T(0 © ¢2(b))(0 & n2), (§2 & m))

for a in A and b in B. Since ||¢&; @ 7| = 22 and 7 and 0, are representations, it
follows that || Fy||, < 22 by the natural duality between A®j, B and the completely
bounded bilinear forms CB(A, B;C) on A x B [7]. Hence ||Fi||» < 22, because
[l -lln <||-||n on A® B so the reverse inequality holds on the duals. Define the
bilinear form G on A x B(K3) by

Gla,z) = (m(a)T(0 & z)(0 & n2), (& ®m))
for all @ in A and z in B(K3). Again the natural duality between A ®; B(K3) and

the completely bounded bilinear forms on A x B(K3) ensures that [|G||, < 22 as

above. Hence ||G||» < 22, where G is considered as a continuous linear functional
on A® B(K3). Note that by the definition of G and Fs,

F=G. (I1®19)
so that
1B2ln < NIGlIn - IIT @ ¢hal|n < 22
by Lemma 3.2. Hence
||y = F(u) < |Fi(u)] + | Fa(u)] < 23/2

since ||u||» = 1. This completes the proof. |
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These remarks are a reminder of results on embeddings involving the opera-
tor space projective tensor product. Recall that the standard identification be-
tween continuous bilinear forms ¢ on a tensor product A ® B and continuous
linear operators ® from A to B* given by ¢(a ® b) = ®(a)(b) induces a (com-
plete) isometry from (A® B)* onto CB(A, B*) [4],[10]. The duality of completely
bounded operators implies that if ® maps A to B* is completely bounded, then
®** maps A** to B*** with ||®**||cs = |[|®||cp. Identifying CB(A**, B***) with
(A** ®@;, B**)* induces a (complete) isometry o from (A® B)* into (A** ® B**)*
given by (ad)(a™ @b**) = &**(a**)(b**). Hence o* is a (completely) contractive op-
erator from (A** ® B**)** into (A ® B)**. Let w denote the norm reducing operator
from A** ® B** into (A ® B)** given by composing o* with the natural embedding
of A** ® B** into (A** @ B**)**.

Theorem 7.2. If A and B are C*-algebras, the following conditions are equivalent:
(i) the operator space projective norm || - ||n is equivalent to the Banach space
projective norm || - ||y on A® B,
(i1) either A or B is subhomogeneous.

Proof. Suppose that A is subhomogeneous. Since A ®, B embeds isometrically
in A** ®, B** (Theorem 5.1) and A® B embeds isometrically in A** @ B** [8],
the problem reduces to the case when A is a homogeneous von Neumann algebra
because a subhomogeneous von Neumann algebra is a direct sum of homogeneous
ones. Assume that A = M, (C), where C is a commutative von Neumann algebra.
Then A® B is Banach space isomorphic to a direct sum of n? copies of C® B
since (e;; ® 1)(C'® B) is isometrically embedded in A® B for all matrix units e;;
in M, as there is a conditional expectation from A onto C. By Lemma 7.1, C ® B
is equivalent to C'®~ B so that the ||- ||, and || - || norms are equivalent on A® B.

Conversely suppose that there is a K > 0 such that ||u||y < K|[u||s for all u in
A ® B. The map w from A**® B** into (A® B)** is norm reducing (see Lemma
7.1) so that ||w(w)||+« < ||u||s and the map p from A** ®, B** into (A ®, B)**
satisfies ||u||y < 4||ul|« for all w in A** @ B** (Theorem 4.1). Here || - ||» and
|| - ||, denote the norms in A** ® B** and A** &, B**, respectively, and || - ||, is
the relevant second dual norm. In this notation the supposition at the second dual
level becomes

()]s < KJw(w)|] s
so that
ully < 4flp(u)|le < 4K [Jw ()|l < 4K |ul|n

for all v in A** ® B**.

If for some positive integer n, A** and B** contain a copy of M, then M, & M,
embeds isometrically into A** ® B** and M, ®~ M, embeds isometrically into
A*™ ®, B**. Using Lemma 3.3 it follows that

n= ||Zej1 ®€j1||’7 S 4K||Z€j1 ®ej1||/\ = 4K7’L%

Hence n < 16K?2. Thus either A** or B** does not contain a type I, factor for
n > 16K2 so that A or B is subhomogeneous. This proves the theorem. O

The remainder of this section deals with the equivalence of the Haagerup norm
and the operator space projective norm on A ® B.
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Lemma 7.3. Let A and B be C*-algebras. If ||-||1, is equivalent to ||-||n on AQ B,
then A or B are subhomogeneous.

Proof. Suppose that A and B are non-subhomogeneous C*-algebras and let n be
a positive integer. By a lemma of R.R. Smith [24, Lemma 2.7] and [13] there are
completely positive contractions pg : M, > A, 04: A—> M, pp: M, — B, op:
B — M, such that

[loapa —id|| < 1/2n and |logpp — id|| < 1/2n on M.

Let a; = pa(en) and b; = pp(e;) for 1 < ¢ < n. Let {Ha,7a,Va} and
{Hp, 7B, Vs} be the Stinespring representations of 04 and op, respectively, where
w4 and 7w are representations of A and B on H4 and Hp, and V4 and Vp are
contractions from C" into H4 and Hpg such that

oala) =Vira(a)Vs (a € A)
and
O'B(b) = VgﬂB(b)VB (b S B)

[19, pp. 43-45].
Let z = Y7 a;®b; be in A® B. Since 74 @7 p is norm reducing by the projectivity
of || - ||» and since left and right multiplication is continuous on &,

lzl] > (Vi@ Va1 mala:) @ wp(bi)lla-][Va @ Val|
> [ oala:) @ op(b:)|la-

The inequalities

lloa(ai) —eil] = ||capalein) — eitl| < |loapa —id|| < 1/2n
and
llop(bi) —ewil] < 1/2n
imply that
1Y aata) @ o5 Bln — I e @ exilla
S ||ZJA(ai)®UB(bi)—Zei]_@eli”/\
< ZUA((M) ® (op(bi) — exi)l|n + | Z(UA(C%‘) —ei1) ® e1ql|a
B Z lloa(a:)l] - [lop(bi) — el + Z lloa(a;) — el Ilel|
< 2n/2n=1.
Thus

ol > 1> oala) @ opbi)lla > 11D en @ exil[n —1=n—1

by Lemma 3.3.
The complete positivity of p4 and ||pa|| = 1 implies that

1Y aafll =11 palea)palen) || <1 pateaei)ll < 1Y enenl| =1

by the general Cauchy-Schwarz inequality for completely positive maps.

Similarly
IS bin < 1.
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The definition of the Haagerup norm on A ® B implies that

lalln < 11> asag]|2 .11 0bi]| 2 = 1.

This proves that || - ||, and || - ||» are not equivalent on A ® B and so proves the
Lemma. O

Theorem 7.4. Let A and B be C*-algebras. Then the following are equivalent:
(i) the Haagerup norm || -||n is equivalent to the operator space projective norm

- 1ln,
(ii) either A or B is finite dimensional, or A and B are infinite dimensional and

subhomogeneous.

Proof. Since || - ||n < || -|In < || -1l4, (ii) = (i) is trivial using Theorem 6.1. If (i)
holds then A or B is subhomogeneous by Lemma 7.3 which in turn implies that

|| - [|a is equivalent to || - ||, (Theorem 7.2). Thus || - ||, is equivalent to || - ||,.
Applying Theorem 6.1 again we have the condition (ii). |
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