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EQUIVALENCE OF NORMS ON OPERATOR SPACE TENSOR

PRODUCTS OF C∗-ALGEBRAS

AJAY KUMAR AND ALLAN M. SINCLAIR

Abstract. The Haagerup norm ‖ · ‖h on the tensor product A ⊗ B of two
C∗-algebras A and B is shown to be Banach space equivalent to either the
Banach space projective norm ‖ · ‖γ or the operator space projective norm
‖ · ‖∧ if and only if either A or B is finite dimensional or A and B are infinite
dimensional and subhomogeneous. The Banach space projective norm and the
operator space projective norm are equivalent on A⊗ B if and only if A or B
is subhomogeneous.

1. Introduction

Recently D.P. Blecher and V.I. Paulsen [4], [2], [3] and E.G. Effros and Z-J.
Ruan [10], [9], [8] have independently developed the theory of operator spaces with
analogous constructions to those of Banach spaces; for example, quotients, duals
and tensor products are defined and studied. The Haagerup || · ||h, operator space
projective || · ||∧ and Banach space projective || · ||γ (tensor) norms on the tensor
product A⊗B of two C∗-algebras A and B satisfy

|| · ||h ≤ || · ||∧ ≤ || · ||γ .
For commutative C∗-algebras A and B one version of the commutative Grothen-

dieck inequality [22], [6] is that ||·||γ ≤ K||·||h, whereK is Grothendieck’s constant.
This raises the question: for which pairs of C∗-algebras A and B are these tensor
norms equivalent? Itoh ([14], Theorem 4) claims that the Haagerup norm || · ||h and
Banach space projective norm || · ||γ are equivalent on the algebraic tensor product
A ⊗ B of two C∗-algebras A and B if and only if A or B is subhomogeneous.
This result is false as can be seen by considering these two norms on `∞ ⊗ B(H),
or `∞ ⊗ K(H), where H is an infinite dimensional Hilbert space, and B(H) and
K(H) denote the bounded linear operators on H and the compact linear operators
on H.

The correct version (Theorem 6.1) of this result is: the Haagerup norm and
Banach space projective norm are equivalent on the algebraic tensor product A⊗B
of two C∗-algebras A and B if, and only if, either A or B is finite dimensional, or
A and B are infinite dimensional and subhomogeneous. The same conclusion holds
if the Banach space projective norm is replaced by the operator space projective
norm above (Theorem 7.4). The latter result is based on the equivalence of the
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Banach space projective norm and operator space projective norm (Theorem 7.2),
which hold if and only if A or B is subhomogeneous. Thus both hypotheses in Itoh
have a role here.

Our methods involve the commutative and non-commutative Grothendieck in-
equalities, lifting maps to second duals and to tensor products of second duals (see
sections 4 and 5) and elementary calculations involving `∞n and Mn. Section 2 con-
tains the notation and definitions used in the paper, and section 3 has the matrix
calculations and a helpful observation concerning an isometric involution on the
operator space projective tensor product A ⊗̂B of two C∗-algebras A and B. The
well known self-duality and injectivity of the Haagerup tensor product [4], [9], [3] is
presented in a slightly modified form in Theorem 4.1. This forms a crucial basis of
sections 6 and 7, and is a motivation for proving the corresponding result (Theorem
5.1) for the Banach space projective tensor. We have not been able to prove an
equivalent result for the operator space projective tensor norm due to not knowing if
the natural embedding of A∗∗ ⊗̂B∗∗ into (A ⊗̂B)∗∗ is isometric (or has continuous
inverse). R.J. Archbold and C.J.K. Batty [1] defined property (C) for a C∗-algebra
A to be the condition that A∗∗⊗minB

∗∗ canonically embed in (A⊗minB)∗∗. This is
clearly related to our results for ⊗h and ⊗γ , and what is needed for ⊗̂. The equiv-
alence of the Haagerup norm and the Banach space projective norm is handled in
section 6 with the two equivalences involving the operator space projective norm
covered in section 7.

We wish to thank Christian le Merdy for discussions concerning the operator
space projective norm and Roger Smith for drawing [1] to our attention.

2. Notation and definitions

An operator space X is a (norm closed) subspace of B(H) together with the
natural norms on Mn(X) inherited from Mn(B(H)) = B(Hn), where H is a Hilbert
space and Hn is the n-fold Hilbert space direct sum of H with itself. An operator
φ : X → Y, between operator spaces X and Y is completely bounded if and only
if ||φ||cb = sup{||φn|| : n ∈ N} is finite, where φn : Mn(X) → Mn(Y ) is defined by
φn(xij) = (φxij). Let CB(X,Y ) denote the space of completely bounded operators
from X into Y [19].

Throughout let A and B denote C∗-algebras. The Haagerup tensor norm ||u||h
of an element u in the algebraic tensor product A⊗B is defined by

||u||h = inf{||
∑

aja
∗
j ||

1
2 ||
∑

b∗jbj ||
1
2 : u =

∑
aj ⊗ bj ∈ A⊗B},

and the Haagerup tensor product A⊗h B is the completion of A⊗B in this norm.
If p and q are positive integers, and V = (vij) ∈ Mp(A) and W = (wij) ∈ Mq(B)
define the tensor product V ⊗W to be the pq × pq matrix

V ⊗W = (vij ⊗ wk`) in Mpq(A⊗B)

using (Mp⊗A)⊗ (Mq⊗B) ∼= Mpq⊗A⊗B. Each element u in A⊗B can be written
u = α(V ⊗W )β for some α ∈ M1,pq , V ∈ Mp(A), W ∈ Mq(B) and β ∈ Mpq,1 where
Mk,` is the space of complex k × ` matrices over C. The operator space projective
(tensor) norm ||u||∧ is defined on the algebraic tensor A⊗B by

||u||∧ = inf{||α|| . ||V || . ||W || . ||β|| : u = α(V ⊗W )β is a decomposition as above},
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and the operator space projective tensor product A ⊗̂B is the completion of A⊗B
in this norm [4], [10]. Recall that the Banach space projective (tensor) norm || · ||γ
is defined on the algebraic tensor product X ⊗ Y of two Banach spaces X and Y
by

||u||γ = inf{
∑

||xj || . ||yj || : u =
∑

xj ⊗ yj ∈ X ⊗ Y },
and that X ⊗γ Y is the completion of X ⊗ Y under this tensor product. It is well
known that || · ||h ≤ || · ||∧ ≤ || · ||γ on the tensor product of two C∗-algebras.

Recall that a C∗-algebraA is subhomogeneous if there is a positive integer n such
that each irreducible representation of A has dimension no greater than n. Further
that A is subhomogeneous with all its irreducible representations of dimension no
greater than n if and only if its enveloping von Neumann algebra A∗∗ is finite type
I with all its central direct summands of type no greater than In.

A basic technique used in this paper is to pass from inequalities involving tensor
norms on von Neumann algebras to the tensor norms of finite dimensional subal-
gebras. The injectivity of the Haagerup tensor product [20] implies that the two
norms are equal in that case. If A0 and B0 are finite dimensional C∗-algebras of A
and B, respectively, then there are completely positive conditional expectations P1

and P2 from A and B onto A0 and B0, respectively, and ||P1||cb = ||P2||cb = 1 [26].
Hence P1 ⊗ P2 is a projection from A⊗ B onto A0 ⊗ B0 such that ||P1 ⊗ P2|| = 1
when both tensor products are given either the Banach space || · ||γ or operator
space || · ||∧ projective norms. This implies that the natural isomorphism from
A0 ⊗B0 into A⊗B is an isometry in both these norms.

3. Basic lemmas

This section contains the lemmas dealing with the crucial matrix calculations
involving || · ||h, || · ||∧ and || · ||γ . Denote the standard matrix units in Mn by eij
for 1 ≤ i, j ≤ n and identify the n-dimensional L∞-space `∞n with the diagonal of
Mn so that it has standard basis {ejj : 1 ≤ j ≤ n}.
Lemma 3.1. If n ∈ N, then

(i)

||
n∑
1

e1j ⊗ ejj ||h = n
1
2 and ||

n∑
1

ej1 ⊗ ejj ||h = 1

in Mn ⊗h `
∞
n ,

(ii)

||
n∑
1

ejj ⊗ ej1||h = n
1
2 and ||

n∑
1

ejj ⊗ e1j||h = 1

in `∞n ⊗h Mn and
(iii)

||
∑

e1j ⊗ ej1||h = n

in Mn ⊗h Mn.

Proof. (i) It is sufficient to prove the first pair of equalities in Mn ⊗h `
∞
n because

the second pair follow directly using the conjugate linear isometry θ from Mn⊗h `
∞
n

onto `∞n ⊗h Mn defined by θ(x ⊗ y) = y∗ ⊗ x∗ [17].
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Let u =
n∑
1
e1j ⊗ ejj . By definition of the Haagerup norm,

||u||2h ≤ ||
n∑
1

e1jej1|| . ||
n∑
1

ejjejj || = n.

A standard Cauchy-Schwarz argument that occurs in Haagerup’s unpublished paper
on this tensor product implies that the map

π : Mn ⊗h Mn → B(Mn)

defined by π(x ⊗ y)(a) = xay is norm reducing; it is actually a complete isometry
into CB(Mn) (see [25], [18]).

Hence ||u||h ≥ ||π(u)(I)|| = ||∑ e1jejj || = ||∑i,j e1jei1||
1
2 = n

1
2 so proving the

first equality.
(ii) The second equality follows from

1 = ||
∑

ej1ejj ||
= ||π(

∑
ej1 ⊗ ejj)(I)||

≤ ||
∑

ej1 ⊗ ejj ||h

≤ ||
∑

ej1e
∗
j1||

1
2 . ||

n∑
1

ejjejj || 12 = 1.

(iii) The third inequality follows from

||
n∑
1

e1j ⊗ ej1||2h ≤ ||
n∑
1

e1jej1|| . ||
n∑
1

e1jej1|| = n2

and

||
n∑
1

e1j ⊗ ej1||h ≥ ||π(

n∑
1

e1j ⊗ ej1)(I)|| = n.

Lemma 3.2. Let A, B, C, D be C∗-algebras.
(i) If θ is a ∗-anti-homomorphism from A into C and φ is a ∗-anti-homomorphism
from B into D, then θ ⊗ φ is a ∗-anti-homomorphism from A ⊗̂B into C⊗̂D with
||θ ⊗ φ|| = 1.
(ii) If the involution ∗ is defined on A⊗B by (a⊗ b)∗ = a∗ ⊗ b∗, then ∗ lifts to an
isometric involution on A ⊗̂B.
Proof. (i) Once ||θ ⊗ φ|| ≤ 1 has been proved the other properties follow directly;
note the norm equals 1 except when θ or φ is zero. Let u = α (V ⊗W )β be in A⊗B
with α ∈ M1,pq, V ∈ Mp(A), W ∈ Mq(B), β ∈ Mpq,1 and ||α|| . ||V || . ||W || . ||β|| ≤
1.

If T denotes the transpose, then

(θ ⊗ φ)(u) =
∑
αisθ(vij)⊗ φ(wst)βjt

=
∑
βjt(T ⊗ I)θn(V )ji ⊗ (T ⊗ I)φn(W )tsαis

= (Tβ) . (T ⊗ I)θn(V )⊗ (T ⊗ I)φn(W )(Tα).
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Here (T⊗I)θp and (T⊗I)φq are ∗-anti-homomorphisms from Mp(A) into Mp(C)
and Mq(B) into Mq(D), respectively, so have norm 1. Thus

||Tβ|| . ||(T ⊗ I)θpV || . ||(T ⊗ I)φqW || . ||Tα||
= ||β|| . ||V || . ||W || . ||α||
≤ 1,

and Tβ, (T ⊗I)θpV, (T ⊗I)φqW, Tα are in the correct matrix spaces. This proves
that ||θ ⊗ φ(u)|| ≤ 1 if ||u||∧ < 1, and so ||φ ⊗ φ||∧ ≤ 1 as required. The reverse
inequality is achieved on elementary tensors.

(ii) If u is in A⊗B with u = α (V ⊗W )β as in (i), then

u∗ = β∗ (V ∗ ⊗W ∗)α∗

as may be checked by writing out both expressions in full. Thus ||u∗||∧ ≤ 1 if
||u||∧ < 1 so proving (ii).

Note that the same technique but including the “canonical” shuffle exploited by
Paulsen [19] may be used to prove the well known commutativity of ⊗̂ [4], [9].

Lemma 3.3. If n ∈ N, then in Mn ⊗Mn

(i) ||∑ ej1 ⊗ ej1||∧ = ||∑ e1j ⊗ e1j ||∧ = n
1
2 ,

(ii) ||∑ e1j ⊗ ej1||∧ = ||∑ ej1 ⊗ e1j ||∧ = n, and
(iii) ||∑ ej1 ⊗ ej1||γ = n.

Proof. By Lemma 3.2 it is sufficient to prove that one of the norms equals n
1
2 or n

in each case.
(i) Let α be the 1 × n2 matrix consisting of a n-string of one followed by (n− 1)

zeros so

α = (1 0 . . . 0 1 0 . . 0 1 . . . 0)

and let β be the n2 × 1 matrix with a one in the (1, 1) position and all the other
entries zero. Let V be the n× n matrix in Mn(Mn) with first row

e11, e21, ..., en1

and all other entries zero. Note that ||α|| = n
1
2 , ||V || = 1 and ||β|| = 1, which are

calculated using ||x||2 = ||xx∗|| = ||x∗x||. Since∑
ej1 ⊗ ej1 = αV ⊗ V β,

||
∑

ej1 ⊗ ej1||∧ ≤ n
1
2 .

The projective operator space norm || · ||∧ is greater than the spatial tensor product
norm || · ||∗ of the two C∗-algebras [4]. Hence

||
∑

ej1 ⊗ ej1||2∧ ≥ ||
∑
j,k

(e1j ⊗ e1j)(ek1 ⊗ ek1)||∗

= n||e11 ⊗ e11||∗
= n

using ||x∗x|| = ||x||2. This proves (i).
(ii) The inequality || · ||∧ ≥ || · ||h and Lemma 3.1 imply that

||
∑

e1j ⊗ ej1||∧ ≥ ||
∑

e1j ⊗ ej1||h = n,

and the reverse inequality is trivial.



2038 A. KUMAR AND A. M. SINCLAIR

(iii) Since the map T ⊗ I is an isometry on Mn ⊗γ Mn,

n ≥ ||
∑

ej1 ⊗ ej1||γ
≥ ||

∑
e1j ⊗ ej1||∧

= n.

Observe that the above results are essentially in [9] in dual form: they show that
CB(Cn, Cn) = Mn and CB(Rn, Cn) is the n× n Hilbert-Schmidt matrices, where
Cn and Rn are n dimensional column and row space respectively.

4. Embedding Haagerup tensor products into second duals

The theorem in this section summarises and modifies a result of Blecher and
Paulsen [4] and Effros and Ruan [9] in a suitable way for subsequent use here.
The similarity between the Haagerup tensor product results here and those for the
projective tensor product in the next section will also be clearer.

Let iA and iB denote the embeddings of A and B into A∗∗ and B∗∗, respectively.
If φ is in (A ⊗h B)∗, then there are cyclic representations π and θ of A and B
on Hilbert spaces H and K with unit cyclic vectors ξ and η, respectively, and a
continuous linear operator T from K to H such that

φ(a, b) = 〈π(a)Tθ(b)η, ξ〉 (a ∈ A, b ∈ B)

and ||T || = ||φ||[7].
Cyclic representations of A and B lift directly to cyclic representations of the en-

veloping von Neumann algebras A∗∗ and B∗∗, respectively. This provides a natural
lifting of φ to a continuous linear form φ̃ on A∗∗⊗hB

∗∗ with ||φ̃|| = ||φ|| and φ̃ equal
to φ on A ⊗h B. Observe that the operator ˜ from (A ⊗h B)∗ into (A∗∗ ⊗h B

∗∗)∗

defined above is well defined and a linear isometry. The reason is that for fixed a
in A and two representations of the same φ the functionals

b∗∗ 7→ 〈πj(a)Tjθj(b∗∗)ηj , ξj〉 (j = 1, 2)

are equal on B and ultraweakly continuous on B∗∗ so are equal on B∗∗ by the
Kaplansky Density Theorem. Now holding b∗∗ in B∗∗ fixed and varying a∗∗ in A∗∗

shows, in the same way, that the map φ 7→ φ̃ is well defined. The linearity follows
directly from this and direct sum techniques in a standard way. Now define ζ from
A∗∗ ⊗h B

∗∗ into (A⊗h B)∗∗ by

ζ(a∗∗ ⊗ b∗∗)(φ) = φ̃(a∗∗ ⊗ b∗∗)

for all φ in (A ⊗h B)∗. Then ζ is a norm reducing operator from A∗∗ ⊗h B
∗∗ into

(A⊗h B)∗∗. It is known that ζ is an isometry [11, Theorem 3.2]; we show that this
may be deduced from the well known isometry fromB(H)⊗hB(H) into CB(K(H)).

Theorem 4.1. Let A and B be C∗-algebras. The embedding ν = iA⊗ iB of A⊗hB
into A∗∗⊗hB

∗∗ is an isometry and the embedding ζ of A∗∗⊗hB
∗∗ into (A⊗hB)∗∗

is an isometry. Further ζν is the natural embedding iA⊗hB of A⊗hB in its second
dual (A⊗h B)∗∗.

Proof. The injectivity of the Haagerup tensor product ensures that the embedding
ν of A ⊗h B into A∗∗ ⊗h B

∗∗ is an isometry [20]. That the map ζ is an isometry
of A∗∗ ⊗h B

∗∗ into (A ⊗h B)∗∗ follows from [11, Theorem 3.2] and the embedding
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of the Haagerup tensor product A∗∗ ⊗h B
∗∗ in the tensor A∗∗

eh⊗ B∗∗ of that
paper. Alternatively this may be proved directly in this case from the representation
of B(H) ⊗h B(H) in CB(K(H)), where K(H) denotes the algebra of compact
operators onH [25, Theorem 4.3]. Let A and B act as C∗-algebras in their universal
representations on Hilbert spaces HA and HB so that A∗∗ and B∗∗ are isomorphic
to the weak-closures of A and B in these representations. By the injectivity of the
Haagerup tensor and the two Hilbert space versions of [25, Theorem 4.3], which can
easily be deduced from that result, the map θ fromA∗∗⊗hB

∗∗ into CB(K(HB , HA))
defined by θ(a∗∗⊗ b∗∗)(T ) = a∗∗Tb∗∗ is an isometry. Thus if u =

∑
` a
∗∗
` ⊗ b∗∗` is in

A∗∗ ⊗h B
∗∗ with ||u||h > 1, there is an integer n and a compact operator S = (sij)

from (HA)n to (HB)n with ||S|| = 1 such that

||(
∑
`

a∗∗` sijb
∗∗
` )|| > 1.

There are then unit vectors (ξj) in (HB)n and (ηi) in (HA)n such that

|
∑
`

∑
i,j
〈a∗∗` sijb∗∗` ξj , ηi〉| > 1.

If

φ(a∗∗ ⊗ b∗∗) =
∑

i,j
〈a∗∗sijb∗∗ξj , ηi〉,

then φ is in (A∗∗ ⊗h B
∗∗)∗ also ||φ|| ≤ 1 in (A⊗h B)∗, and |φ(u)| > 1. This proves

that ||ζ(u)|| > 1 and so shows that ζ is an isometry.
Let a⊗ b be in A⊗h B and let φ be in (A⊗h B)∗. Then from the definitions of

ζ and ν

ζν(a⊗ b)(φ) = φ(a⊗ b) = iA⊗hB(a⊗ b)(φ)

as required.

5. Embedding Banach projective tensor products of C∗-algebras
into second duals

Let A and B be C∗-algebras. There is a natural mapping ν from A ⊗γ B into
A∗∗⊗γB

∗∗ that is the tensor product iA⊗iB of the natural embedding iA ofA in A∗∗

and iB of B in B∗∗. The natural embedding of A∗∗⊗γB
∗∗ into (A⊗γB)∗∗ requires a

little more explanation. U. Haagerup proved that each continuous bounded bilinear
form φ on a pair of C∗-algebras A and B can be extended to a jointly ultrastrong-∗
continuous bilinear form φ̃ from A∗∗ × B∗∗ into C with ||φ̃|| = ||φ|| [12, Cor. 2.4].
The extension is achieved by using [15, Lemma 2.1] (see also [23, Lemmas 3.3.2 and

3.3.3]) which ensures that map χφ = φ̃ is linear and an isometry. The dual of the
operator

χ : Bil(A×B,C) ∼= (A⊗γ B)∗ → Bil(A∗∗ ×B∗∗,C) ∼= (A∗∗ ⊗γ B
∗∗)∗

maps (A∗∗ ⊗γ B
∗∗)∗∗ into (A ⊗γ B)∗∗. Let µ = χ∗i be the natural norm reducing

operator from A∗∗ ⊗γ B
∗∗ into (A ⊗γ B)∗∗, where i is the natural embedding of

A∗∗ ⊗γ B
∗∗ into (A∗∗ ⊗γ B

∗∗)∗∗.
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Theorem 5.1. Let A and B be C∗-algebras. The embedding ν = iA⊗ iB of A⊗γB
into A∗∗⊗γB

∗∗ is an isometry and the embedding µ of A∗∗⊗γ B
∗∗ into (A⊗γ B)∗∗

satisfies

||u|| ≤ 4||µ(u)|| ≤ 4||u||
for all u in A∗∗ ⊗γ B

∗∗. Further µν is the natural embedding iA⊗γB of A ⊗γ B in
its second dual (A⊗γ B)∗∗.

The following is a consequence of the non-commutative Grothendieck-Pisier-
Haagerup inequality [12, Lemma Cor 2.4]; we do not know an explicit reference so
give a proof.

Lemma 5.2. Let A and B be C∗-algebras. The natural embedding ν = iA ⊗ iB of
A⊗γ B into A∗∗ ⊗γ B

∗∗ is an isometry.

Proof. The definition of the projective tensor norm ensures that ||ν|| = 1. If u is
in A ⊗γ B, there is a continuous bilinear form φ on A ⊗ B with ||φ|| = 1 and

φ(u) = ||u||. The extension φ̃ of φ to A∗∗×B∗∗ referred to above [12, Cor. 2.4] has

||φ̃|| = ||φ|| so that ||ν(u)|| = ||u|| as required.

The following lemma is equivalent to the theorem that there is an isometric em-
bedding of A ⊗h B into CB(B(H)) or CB(K(H)) and it will be deduced below
from this well known isometry. Actually this lemma occurs in U. Haagerup’s un-
published 1981 manuscript “The a-tensor product”, where it is used to prove the
isometry of the embedding of A⊗h B in CB(B(H)).

Lemma 5.3. Let A and B be C∗-algebras acting on Hilbert spaces H and K,
respectively. The unit ball of CBσ(A × B,C) is weak∗-dense in the unit ball of
CB(A×B,C).

Proof. Suppose the result is not true. By the Hahn-Banach separation theorem
there is a φ in CB(A × B,C) with ||φ||cb = 1, a 0 < α < 1 and a u in A ⊗h B =
CB(A × B,C)∗ such that φ(u) = 1 and <ψ(u) ≤ α for all ψ in CBσ(A × B,C)
with ||ψ||cb ≤ 1. Hence ||u||h ≥ 1 and |ψ(u)| ≤ α for all ψ in CBσ(A × B,C) with
||ψ||cb ≤ 1. The θ embedding from A⊗hB into CB(B(H,K)) given by θ(a⊗b)(T ) =
aT b is an isometry [25], [18]. Hence there is a positive integer n and a matrix
(tij) ∈ Mn(B(H,K)) with ||(tij)|| = 1 and

||θ(u)n(tij)|| = ||(θ(u)tij)|| > α.

Choose unit vectors ξ in Kn and η in Hn such that

|〈(θ(u)tij)ξ, η〉| > α.

Define ψ in CBσ(A×B,C) by

ψ(a⊗ b) = ψ(a, b) = 〈(θ(a ⊗ b)tij)ξ, η〉
so that |ψ(u)| > α.

Then ||ψ||cb ≤ ||ξ|| . ||(tij)|| ||η|| = 1 because ψ(a, b) can be written

ψ(a, b) = 〈(a⊗ I)(tij)(b⊗ I)ξ, η〉.
The contradictory inequalities

|ψ(u)| > α and |ψ(u)| ≤ α

imply the result.
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The non-commutative Grothendieck inequality [12], [21], [22] states that if φ is
a continuous bilinear form on A × B, where A and B are C∗-algebras, then there
are states f1, f2 and g1, g2 on A and B, respectively, such that

|φ(a, b)| ≤ ||φ||(f1(x∗x) + f2(xx
∗))

1
2 (g1(y

∗y) + g2(yy
∗))

1
2

for all x ∈ A and y ∈ B. We now briefly review the construction of the four
bilinear forms φ1, ..., φ4 that are continuous in the Haagerup tensor norm, ..., doubly
reversed Haagerup tensor norm ([16, Remark 5.3]). Let (θ1, H1, η1) and (θ2, H2, η2)
be the cyclic representation and cyclic anti-representation derived from f1 and f2
by the Gelfand-Naimark-Segal construction on Hilbert spaces H1 and H2 with unit
cyclic vectors η1 and η2 respectively. Let (ψ1, K1, ξ1) and (ψ2, K2, ξ2) be the cyclic
representation and the cyclic anti-representation derived from g1 and g2. The non-
commutative Grothendieck inequality in this notation says that

|φ(x, y)| ≤ ||φ|| ||(θ1 ⊕ θ2)(x)(η1 ⊕ η2)|| ||(ψ1 ⊕ ψ2)(y)(ξ1 ⊕ ξ2)||
for all x in A and y in B. The usual bilinear or sesquilinear form construction
implies that there is a continuous linear operator T from K1 ⊕ K2 into H1 ⊕ H2

with ||T || ≤ ||φ|| such that

φ(x, y) = 〈(θ1 ⊕ θ2)(x)T (ψ1 ⊕ ψ2)(y)(ξ1 ⊕ ξ2), (η1 ⊕ η2)〉
for all x in A and y in B. Writing T as a 2 by 2 matrix of operators (Tij) arising
from the direct sums H1⊕H2 and K1⊕K2 leads to four continuous bilinear forms
φ1, ..., φ4 on A×B defined by

φ1(x, y) = 〈θ1(x)T11ψ1(y)ξ1, η1〉,
φ2(x, y) = 〈θ1(x)T12ψ2(y)ξ2, η1〉,
φ3(x, y) = 〈θ2(x)T21ψ1(y)ξ1, η2〉 and

φ4(x, y) = 〈θ2(x)T22ψ2(y)ξ2, η2〉.
The representation theorem for a continuous bilinear form on the Haagerup tensor
product implies that

φ1 is continuous on A⊗h B

φ2 is continuous on A⊗h B
op,

φ3 is continuous on Aop ⊗h B and

φ4 is continuous on Aop ⊗h B
op

all with ||φj ||h ≤ ||φ||, where Aop is the reversed algebra. By the definition

φ = φ1 + φ2 + φ3 + φ4.

Proof of Theorem. That ν is an isometry was proved in Lemma 5.2 and that µ
is norm reducing was proved in the initial discussion. To prove the inequality
||u|| ≤ 4||µ(u)|| for u in A∗∗ ⊗γ B

∗∗ let u be in A∗∗ ⊗ B∗∗ with ||u||γ = 1. By the
Hahn-Banach Theorem there is a continuous bilinear form φ on A∗∗ × B∗∗ such
that ||φ|| = 1 and φ(u) = 1. By the above discussion write

φ = φ1 + φ2 + φ3 + φ4

where φj are bilinear forms of norm no greater than one on A∗∗ ⊗h B
∗∗, A∗∗ ⊗h

B∗∗op, A∗∗op ⊗h B
∗∗, A∗∗op ⊗hB

∗∗op for j = 1, ..., 4. Note that A∗∗op = Aop∗∗. Let
ε > 0. If each of the von Neumann algebras A∗∗, A∗∗op, B∗∗, B∗∗op is taken in
the universal representation of A, Aop, B, Bop, then the bilinear forms φj may be
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weak∗-approximated on the element u by normal bilinear forms Φj with ||Φj || ≤ 1
such that

|φj(u)− Φj(u)| < ε.

Because the bilinear forms Φj are normal they arise on their respective domains as
lifts of bilinear forms on A×B. Hence the definition of χ at the start of this section
implies that for each j, Φj = χ(ψj) where ψj is the restriction of Φj to A × B in
A∗∗×B∗∗ is continuous with norm no greater than one on A⊗hB, A⊗hB

op, Aop⊗h

B, Aop ⊗h B
op for j = 1, ..., 4, respectively. Let ψ = ψ1 + ψ2 + ψ3 + ψ4. Then ψ is

a continuous bilinear form on A ⊗γ B with ||ψ|| ≤ 4 because the projective norm
dominates the four Haagerup type norms used above. Further

µ(u)(ψ) = χ∗i(u)(ψ) = i(u)(χψ) = (χψ)(u) = Φ(u)

and

|µ(u)(ψ)− 1| = |Φ(u)− 1| < 4ε.

This implies that ||µ(u)|| ≥ 1/4 as required.
Finally we prove µν = iA⊗γB. Using the definitions of µ, ν and χ gives the

following equalities for all φ in (A⊗γ B)∗ = Bil(A× B,C), all a in A and all b in
B:

(µν)(a ⊗ b)(φ) = (χ∗iν)(a⊗ b)(φ) = (iν)(a ⊗ b)(χφ) = (χφ)(ν(a ⊗ b))

= (χφ)(iA(a)⊗ iB(b)) = φ(a⊗ b) = iA⊗γB(a⊗ b)(φ).

This completes the proof of the theorem.

6. Projective Banach space and Haagerup norms

In this section we prove the correct version of Itoh’s result [14] on the equivalence
of the projective Banach space norm and the Haagerup norm on the tensor products
of C∗-algebras.

Theorem 6.1. If A and B are C∗-algebras, then the following conditions are equiv-
alent:

(i) the Haagerup norm || · ||h is equivalent to the Banach space projective norm
|| · ||γ ,

(ii) either A or B is finite dimensional, or A and B are infinite dimensional and
subhomogeneous.

The case where A or B is finite dimensional is trivial as both the tensors are
then just Banach space isomorphic to a finite direct sum of the other algebra.
The following lemmas will provide the proof of the non-trivial parts of the above
theorem.

Lemma 6.2. Let A and B be infinite dimensional C∗-algebras. If for some K >
0, ||u||γ ≤ K||u||h for all u in the algebraic tensor product A ⊗ B, then A and B
are subhomogeneous with all their irreducible representations having dimension no
greater than 16K2.

Proof. Suppose that the identity map j from A⊗hB into A⊗γB is continuous and
satisfies ||j|| ≤ K. Then the second dual map j∗∗ from (A⊗h B)∗∗ into (A⊗γ B)∗∗

also satisfies ||j∗∗|| ≤ K. This second dual map j∗∗ restricted to A∗∗ ⊗h B
∗∗ is

essentially just the identity map J(a∗∗ ⊗ b∗∗) = a∗∗ ⊗ b∗∗ from A∗∗ ⊗h B
∗∗ to
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A∗∗⊗γB
∗∗ as we now show. With the notation of Theorems 4.1 and 5.1 we have to

show that J = µ−1j∗∗ζ where ζ : A∗∗ ⊗h B
∗∗ → (A⊗h B)∗∗ and µ : A∗∗ ⊗γ B

∗∗ →
(A⊗γ B)∗∗ are the operators defined there by the separate ultraweak continuity of
bilinear forms on C∗-algebras [12, Cor. 2.4]. The separate ultraweak continuity of
J, j∗∗, µ and ζ and the equality µJ = j∗∗ζ on A ⊗ B ensures that µJ = j∗∗ζ so
that J = µ−1j∗∗ζ. Hence

||J || ≤ ||µ−1|| ||j∗∗|| ||ζ|| ≤ 4K.

If the von Neumann algebra A∗∗ contains an isomorphic copy of Mn (not neces-
sarily unitarily) for some positive integer n, then the other von Neumann algebra
B∗∗ contains a copy of `∞n since both are infinite dimensional. By the injectivity
of the Haagerup norm Mn ⊗h `

∞
n embeds isometrically in A∗∗ ⊗h B

∗∗ [20]. The
embedding of Mn⊗γ `

∞
n into A∗∗⊗γ B

∗∗ is isometric, because there is a projection
P1⊗P2 of A∗∗ ⊗γ B

∗∗ onto Mn ⊗γ `
∞
n with ||P1⊗P2|| = 1; here P1 and P2 are the

norm 1 completely positive conditional expectations from A∗∗ onto Mn and B∗∗

onto `∞n , respectively. With eij the standard matrix units, by Lemma 3.1,

n
1
2 = ||

n∑
1

e1j ⊗ ejj ||h ≤ ||
n∑
1

e1j ⊗ ejj ||γ = ||
n∑
1

ej1 ⊗ ejj ||γ

≤ 4K||
n∑
1

ej1 ⊗ ejj ||h

= 4K.

The argument is symmetrical in A and B, so neither A∗∗ nor B∗∗ can contain a type
In factor with n > 16K2. Thus A∗∗ and B∗∗ are finite type I von Neumann algebras
with all their central direct summands of type Ij for j ≤ 16K2. This implies that all
the irreducible representations of A and B have dimension no greater than 16K2,
which proves the lemma.

Lemma 6.3. Let A and B be (infinite dimensional) subhomogeneous C∗-algebras.
Then there is a constant K such that ||u||γ ≤ K||u||h for all u ∈ A⊗B.

Proof. Since A⊗γB embeds isometrically in A∗∗⊗γB
∗∗ (Theorem 4.1) and A⊗hB

embeds in A∗∗ ⊗h B
∗∗ [9], [5], the problem reduces to the case of homogeneous

von Neumann algebrs because a subhomogeneous von Neumann algebra is a direct
sum of homogeneous ones. Assume that A = Mn(A1) ∼= Mn ⊗∗ A1 and B =
Mm(B1) ∼= Mm ⊗∗ B1, where A1 and B1 are commutative C∗-algebras and ⊗∗
denotes the minimal C∗-tensor product. Now A⊗hB is (Mn⊗∗A1)⊗h (Mm⊗∗B1)
so is Banach space equivalent to a direct sum of nm copies of A1 ⊗h B1, and
A ⊗γ B is (Mn ⊗∗ A1) ⊗γ (Mm ⊗∗ B1) so is Banach space equivalent to a direct
sum of nm copies of A1⊗γ B1. Grothendieck’s Theorem implies that A1⊗hB1 and
A1 ⊗γ B1 are isomorphic up to Grothendieck’s constant (see [21],[22]). Following
these isomorphisms through shows that θ from A ⊗h B to A ⊗γ B is continuous.
Taking K = ||θ||, we have the required result.

7. Operator space projective norm

This section deals with the equivalence of the operator space projective norm
with either the Haagerup norm or the Banach space projective norm.
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Lemma 7.1. Let A and B be C∗-algebras with A commutative. Then A ⊗̂B and
A⊗γ B are isomorphic with

||u||∧ ≤ ||u||γ ≤ 23/2||u||∧
for all u in A⊗B.

Proof. The left hand inequality is well known and follows from ||a⊗b||∧ = ||a|| . ||b||
in A ⊗̂B [4], [9] so we prove the right hand inequality. Let u be in A ⊗ B with
||u||∧ = 1. By the Hahn-Banach Theorem and the representation of the dual of
A ⊗γ B as the space of continuous bilinear forms on A × B, choose a continuous
bilinear form F on A × B with ||F || = ||F ||γ = 1 and F (u) = ||u||γ . The non-
commutative Grothendieck inequality of Pisier and Haagerup [21], [22], [12] may
be written in a representational form similar to the representation of a multilinear
completely bounded operator ([16, p. 184, Remark 3.5(a) and (b)]) as follows (see
also section 5). Corresponding to the continuous bilinear form F there are cyclic
representations φ1 and φ2 (and anti-representations ψ1 and ψ2) on Hilbert spaces
H1 and H2 (and K1 and K2) with unit cyclic vectors ξ1 and ξ2 (and η1 and η2) and
a continuous linear operator T from H2 ⊕K2 into H1 ⊕K1 with ||T || ≤ ||F ||γ = 1
such that

F (a, b) = 〈(θ1 ⊕ ψ1)(a)T (θ2 ⊕ ψ2)(b)(ξ2 ⊕ η2), (ξ1 ⊕ η1)〉
for all a in A and b in B.

Note that the notation has been changed slightly from ([16, p. 185]) to fit in
with current completely bounded notation. The commutativity of A ensures that
π = θ1 ⊕ ψ1 is a representation of A. Let

F1(a, b) = 〈π(a)T (θ2(b)⊕ 0)(ξ2 ⊕ 0), (ξ1 ⊕ η1)〉
and

F2(a, b) = 〈π(a)T (0⊕ ψ2(b))(0⊕ η2), (ξ1 ⊕ η1)〉
for a in A and b in B. Since ||ξ1 ⊕ η1|| = 2

1
2 and π and θ2 are representations, it

follows that ||F1||h ≤ 2
1
2 by the natural duality between A⊗hB and the completely

bounded bilinear forms CB(A,B; C) on A × B [7]. Hence ||F1||∧ ≤ 2
1
2 , because

|| · ||h ≤ || · ||∧ on A ⊗ B so the reverse inequality holds on the duals. Define the
bilinear form G on A×B(K2) by

G(a, x) = 〈π(a)T (0 ⊕ x)(0 ⊕ η2), (ξ1 ⊕ η1)〉
for all a in A and x in B(K2). Again the natural duality between A⊗h B(K2) and

the completely bounded bilinear forms on A × B(K2) ensures that ||G||h ≤ 2
1
2 as

above. Hence ||G||∧ ≤ 2
1
2 , where G is considered as a continuous linear functional

on A ⊗̂B(K2). Note that by the definition of G and F2,

F2 = G. (I ⊗ ψ2)

so that

||F2||∧ ≤ ||G||∧ . ||I ⊗ ψ2||∧ ≤ 2
1
2

by Lemma 3.2. Hence

||u||γ = F (u) ≤ |F1(u)|+ |F2(u)| ≤ 23/2

since ||u||∧ = 1. This completes the proof.
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These remarks are a reminder of results on embeddings involving the opera-
tor space projective tensor product. Recall that the standard identification be-
tween continuous bilinear forms φ on a tensor product A ⊗ B and continuous
linear operators Φ from A to B∗ given by φ(a ⊗ b) = Φ(a)(b) induces a (com-
plete) isometry from (A ⊗̂B)∗ onto CB(A,B∗) [4],[10]. The duality of completely
bounded operators implies that if Φ maps A to B∗ is completely bounded, then
Φ∗∗ maps A∗∗ to B∗∗∗ with ||Φ∗∗||cb = ||Φ||cb. Identifying CB(A∗∗, B∗∗∗) with
(A∗∗ ⊗h B

∗∗)∗ induces a (complete) isometry α from (A ⊗̂B)∗ into (A∗∗ ⊗̂B∗∗)∗
given by (αφ)(a∗∗⊗b∗∗) = Φ∗∗(a∗∗)(b∗∗). Hence α∗ is a (completely) contractive op-
erator from (A∗∗ ⊗̂B∗∗)∗∗ into (A ⊗̂B)∗∗. Let ω denote the norm reducing operator
from A∗∗ ⊗̂B∗∗ into (A ⊗̂B)∗∗ given by composing α∗ with the natural embedding
of A∗∗ ⊗̂B∗∗ into (A∗∗ ⊗̂B∗∗)∗∗.
Theorem 7.2. If A and B are C∗-algebras, the following conditions are equivalent:

(i) the operator space projective norm || · ||∧ is equivalent to the Banach space
projective norm || · ||γ on A⊗B,

(ii) either A or B is subhomogeneous.

Proof. Suppose that A is subhomogeneous. Since A ⊗γ B embeds isometrically

in A∗∗ ⊗γ B
∗∗ (Theorem 5.1) and A ⊗̂B embeds isometrically in A∗∗ ⊗̂B∗∗ [8],

the problem reduces to the case when A is a homogeneous von Neumann algebra
because a subhomogeneous von Neumann algebra is a direct sum of homogeneous
ones. Assume that A = Mn(C), where C is a commutative von Neumann algebra.
Then A ⊗̂B is Banach space isomorphic to a direct sum of n2 copies of C ⊗̂B
since (eij ⊗ 1)(C ⊗̂B) is isometrically embedded in A ⊗̂B for all matrix units eij
in Mn as there is a conditional expectation from A onto C. By Lemma 7.1, C ⊗̂B
is equivalent to C⊗γ B so that the || · ||γ and || · ||∧ norms are equivalent on A⊗B.

Conversely suppose that there is a K > 0 such that ||u||γ ≤ K||u||∧ for all u in

A ⊗ B. The map ω from A∗∗ ⊗̂B∗∗ into (A ⊗̂B)∗∗ is norm reducing (see Lemma
7.1) so that ||ω(u)||∗∗ ≤ ||u||∧ and the map µ from A∗∗ ⊗γ B

∗∗ into (A ⊗γ B)∗∗

satisfies ||u||γ ≤ 4||u||∗∗ for all u in A∗∗ ⊗ B∗∗ (Theorem 4.1). Here || · ||∧ and

|| · ||γ denote the norms in A∗∗ ⊗̂B∗∗ and A∗∗ ⊗̂γ B
∗∗, respectively, and || · ||∗∗ is

the relevant second dual norm. In this notation the supposition at the second dual
level becomes

||µ(u)||∗∗ ≤ K||ω(u)||∗∗
so that

||u||γ ≤ 4||µ(u)||∗∗ ≤ 4K||ω(u)||∗∗ ≤ 4K||u||∧
for all u in A∗∗ ⊗B∗∗.

If for some positive integer n, A∗∗ and B∗∗ contain a copy of Mn, then Mn ⊗̂Mn

embeds isometrically into A∗∗ ⊗̂B∗∗ and Mn ⊗γ Mn embeds isometrically into
A∗∗ ⊗γ B

∗∗. Using Lemma 3.3 it follows that

n = ||
∑

ej1 ⊗ ej1||γ ≤ 4K||
∑

ej1 ⊗ ej1||∧ = 4Kn
1
2 .

Hence n ≤ 16K2. Thus either A∗∗ or B∗∗ does not contain a type In factor for
n > 16K2 so that A or B is subhomogeneous. This proves the theorem.

The remainder of this section deals with the equivalence of the Haagerup norm
and the operator space projective norm on A⊗B.
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Lemma 7.3. Let A and B be C∗-algebras. If || · ||h is equivalent to || · ||∧ on A⊗B,
then A or B are subhomogeneous.

Proof. Suppose that A and B are non-subhomogeneous C∗-algebras and let n be
a positive integer. By a lemma of R.R. Smith [24, Lemma 2.7] and [13] there are
completely positive contractions ρA : Mn → A, σA : A→ Mn, ρB : Mn → B, σB :
B → Mn such that

||σAρA − id|| < 1/2n and ||σBρB − id|| < 1/2n on Mn.

Let ai = ρA(ei1) and bi = ρB(e1i) for 1 ≤ i ≤ n. Let {HA, πA, VA} and
{HB, πB , VB} be the Stinespring representations of σA and σB , respectively, where
πA and πB are representations of A and B on HA and HB, and VA and VB are
contractions from Cn into HA and HB such that

σA(a) = V ∗AπA(a)VA (a ∈ A)

and

σB(b) = V ∗BπB(b)VB (b ∈ B).

[19, pp. 43-45].
Let x =

∑n
1 ai⊗bi be in A⊗B. Since πA⊗πB is norm reducing by the projectivity

of || · ||∧ and since left and right multiplication is continuous on ⊗̂,
||x|| ≥ ||V ∗A ⊗ V ∗B || . ||

∑
πA(ai)⊗ πB(bi)||∧ . ||VA ⊗ VB ||

≥ ||
∑

σA(ai)⊗ σB(bi)||∧.
The inequalities

||σA(ai)− ei1|| = ||σAρA(ei1)− ei1|| ≤ ||σAρA − id|| < 1/2n

and

||σB(bi)− e1i|| < 1/2n

imply that ∣∣∣||∑σA(ai)⊗ σB(bi)||∧ − ||
∑

ei1 ⊗ e1i||∧
∣∣∣

≤ ||
∑

σA(ai)⊗ σB(bi)−
∑

ei1 ⊗ e1i||∧
≤ ||

∑
σA(ai)⊗ (σB(bi)− e1i)||∧ + ||

∑
(σA(ai)− ei1)⊗ e1i||∧

≤
∑

||σA(ai)|| . ||σB(bi)− e1i||+
∑

||σA(ai)− ei1|| . ||e1i||
≤ 2n/2n = 1.

Thus

||x|| ≥ ||
∑

σA(ai)⊗ σB(bi)||∧ ≥ ||
∑

ei1 ⊗ e1i||∧ − 1 = n− 1

by Lemma 3.3.
The complete positivity of ρA and ||ρA|| = 1 implies that

||
∑

aia
∗
i || = ||

∑
ρA(ei1)ρA(ei1)

∗|| ≤ ||
∑

ρA(ei1e
∗
i1)|| ≤ ||

∑
ei1e1i|| = 1

by the general Cauchy-Schwarz inequality for completely positive maps.
Similarly

||
∑

b∗i bi|| ≤ 1.
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The definition of the Haagerup norm on A⊗B implies that

||x||h ≤ ||
∑

aia
∗
i ||

1
2 . ||

∑
b∗i bi||

1
2 = 1.

This proves that || · ||h and || · ||∧ are not equivalent on A ⊗ B and so proves the
Lemma.

Theorem 7.4. Let A and B be C∗-algebras. Then the following are equivalent:
(i) the Haagerup norm || · ||h is equivalent to the operator space projective norm

|| · ||∧,
(ii) either A or B is finite dimensional, or A and B are infinite dimensional and

subhomogeneous.

Proof. Since || · ||h ≤ || · ||∧ ≤ || · ||γ , (ii) ⇒ (i) is trivial using Theorem 6.1. If (i)
holds then A or B is subhomogeneous by Lemma 7.3 which in turn implies that
|| · ||∧ is equivalent to || · ||γ (Theorem 7.2). Thus || · ||h is equivalent to || · ||γ .
Applying Theorem 6.1 again we have the condition (ii).

References

1. R.J. Archbold and C.J.K. Batty, C∗-tensor norms and slice maps, J. London Math. Soc. (2)
22 (1980) 127-138. MR 81j:46090

2. D.P. Blecher, Geometry of the tensor product of C∗-algebras, Math. Proc. Camb. Phil. Soc.
104 (1988), 119-127. MR 89g:46094

3. D.P. Blecher, Tensor products of operator spaces II, Can. J. Math. 44 (1992), 75-90. MR
93e:46084

4. D.P. Blecher and V.I. Paulsen, Tensor product of operator spaces, J. Funct. Anal. 99 (1991),
262-292. MR 93d:46095

5. D.P. Blecher and R.R. Smith, The dual of the Haagerup tensor product, J. London Math.
Soc. 45 (1992), 126-144. MR 93h:46078

6. E. Christensen and A.M. Sinclair, A survey of completely bounded operators, Bull. London
Math. Soc. 21 (1989), 417-448. MR 91b:46051

7. E.G. Effros and A. Kishimoto, Module maps and Hochschild-Johnson cohomology, Indiana
Univ. Math. J. 36 (1987), 257-276. MR 89b:46068

8. E.G. Effros and Z-J. Ruan, On approximation properties for operator spaces, International J.
Math. 1 (1990), 163-187. MR 92g:46089

9. E.G. Effros and Z-J. Ruan, Self duality for the Haagerup tensor product and Hilbert space
factorization, J. Funct. Anal. 100 (1991), 257-284. MR 93f:46090

10. E.G. Effros and Z-J. Ruan, A new approach to operator spaces, Bull. Can. Math. Soc. 34
(1991), 329-337. MR 93a:47045

11. E.G. Effros and Z-J. Ruan, Operator convolution algebras. An approach to Quantum groups.
(preprint).

12. U. Haagerup, The Grothendieck inequality for bilinear forms on C∗-algebras, Advances in
Math. 56 (1985), 93-116. MR 86j:46061

13. T. Huruya and J. Tomiyama, Completely bounded maps of C∗-algebras, J. Operator Theory
10 (1983), 141-152. MR 85f:46108a

14. T. Itoh, The Haagerup type cross norm on C∗-algebras, Proc. Amer. Math. Soc. 109 (1990),
689-695. MR 90m:46096

15. B.E. Johnson, R.V. Kadison and J.R. Ringrose, Cohomology of operator algebras III, Reduc-
tion to normal cohomology, Bull. Soc. Math. France 100 (1972),73-96. MR 47:7454

16. S. Kaijser and A.M. Sinclair, Projective tensor products of C∗-algebras, Math. Scand. 55
(1984), 161-187. MR 86m:46053

17. A. Kumar, Involution and the Haagerup tensor product (preprint).

18. M. Mathieu, Generalising elementary operators, Semesterbericht Funktionalanalysis SS88,
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